
THEORY OF THE FLOW OF AN ELASTOVISCOPLASTIC MEDIUM 

N. V. Tyabin and S. A. Trusov UDC 532.501.33:532.135 

We presen t  a rheologica l  equation o f  s ta te  for  an e las tov i scop las t i c  med ium which a g r e e s  
well  with exper imen ta l  data f r o m  the flow of cons is tent  lubr icants .  We obtain an equation 
for  the s t a t ionary  flow of an e las tov i scop las t i c  medium.  

Numerous  expe r imen ta l  data for  the flow of v i scop las t i c  d i spersed  s y s t e m s  and colloidal solutions 
indicate that  the flow of these  media  does not conform to the law cur ren t ly  applied for  descr ib ing  the flow 
of a Schwedof f -B ingham fluid. T h e r e f o r e  rheologica l  equations of s ta te  have been proposed involving a 
nonl inear  dependence between the tangential  s t r e s s  and the veloci ty  gradient  for  v i scoplas t ic  m a t e r i a l s .  
Among these  equations we note those due to Hersche l l  and Bulkley [1], Casson  [2], and Shul 'man [3]. In 
[4] a method was developed for  approximat ing  the nonlinear flow equations of consis tent  lubr icants  in the 
f o r m  of the l inear  Schwedof f -B ingham equations. 

At the s a m e  t ime,  s tudies  have shown that nonlinear  v i scop las t i c  m a t e r i a l s ,  cons is tent  lubr icants  
[5], s t ruc tu red  pe t ro leum products  [6], solutions and po lymer  mel t s  [7] pos se s s  e las t ic  p rope r t i e s  and that 
for  such media  shea r  moduli and Young's  moduli have been determined.  

Thus an urgent  need ex is t s  to fo rmula te  a theory  for  the flow of e las tov i scop las t i c  media  which would 
take into account  in the flow ru les  for  v i scop las t i c  m a t e r i a l s  the influence of e las t ic  p roper t i e s .  It is 
t he re fo re  n e c e s s a r y ,  in the case  of e l a s tov i scop las t i c  media ,  to ver i fy ,  under s t a t iona ry  flow conditions, 
a d i r ec t  re la t ionsh ip  to the Hencky [8] and I I 'yushin  [9] models  in which a l inear  re la t ionship  exis ts  be -  
tween the tangential  s t r e s s e s  and the ve loc i t ies  of deformat ion ,  i .e . ,  i t  is n e c e s s a r y  to show that  the 
Schwedof f -B ingham equations a r e  appl icable.  

We es tab l i sh  a rheological  equation of s ta te  for  an e las tov iscoplas t i c  medium based on the s t ruc tu ra l  
theo log ica l  model  shown in" Fig. 1. This  model  cons is t s  of a spr ing,  s imulat ing the e las t ic  p rope r t i e s  of 
the medium,  in s e r i e s  with a combinat ion v i scop las t i c  element .  We obtain the theologica l  equation of s ta te  
by combining ve loc i t i es  of deformat ion,  r e p r e s e n t e d  by e lements  of the model  in s e r i e s ,  with s t r e s s e s ,  
r e p r e s e n t e d  by e lements  of the model  in paral le l .  

body, 

Equations for  the de format ion  of an e las t ic  e lement  comply with Hooke ' s  law, 

3z (1) = - -  pc~ -+- 2Gsij. P~ 1 + 

The behavior  of the p las t ic  e lement  of the model  is descr ibed  by the flow equations for  a r ig id -p la s t i c  

p~j = pc6 ~- 2 ~ " (2) �9 ~. eU' 

while the flow equations for  the v iscous  e lement  of the model a r e  those for  Newtonian flow 

P~j = Pc6 § 2~l~ij, (3) 

Combining the s t r e s s e s  for  the plas t ic  and v iscous  e lements ,  we obtain the flow equations for  a v i s c o -  
p las t ic  element:  

p~j = pc6 + 2 (~--+- 'q) t~,j. (4) 
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A model for  an e las toviscoplast ie  medium. 
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Fig. 2. Flow of an aliphatic lubricant when studied in (a) a rotat ion v i s c o s -  
imeter ,  and (b)a cap i l l a ryv i s cos ime te r .  [In par t  a of the figure the solid 
curves  a re  those for  logD = f(log~-w), the dashed for log~ : f(log r); in part  
b of.the f igure the solid curves  a re  those for D l / 2 r ~ 2  = f(~w)' the dashed 
for er = f('r2).] 

The veloci t ies  of elast ic deformation may be obtained f rom Eq. (1): 

�9 1 �9 3~ ~o6. (5) 
e i i = ' ~  pzi 2(1 + o ) G  

We obtain the rheologieal  equation of state for an e las toviscoplast ic  medium by adding together the 
corresponding veloci t ies  of deformation for the elast ic  [Eq. (5)] and viscoplast ic  [Eq. (4)] elements  of the 
model (see Fig. 1): 

p,~.--  pr + --d" + ~1 /,~j 1 + 

We obtain the sca la r  factor  f rom the Mises plastici ty condition, to which the plastic element of the 
model is subject: 

1 (7) V SljS~j ~ 0 2. 

Differentiating this express ion with respec t  to the time, we find 

s~i~,j = 0. (s)  

Since the viscous element of the model has no effect on the t ransi t ion f rom elast ic  to plastic deformations,  
we may put ~? = 0 in Eq. (6) to get 

�9 3 a  ~c ~ _  ~ G 
Pij --  1 + ~ "~- (Pij - -  po6) + 2Geij. 

Substituting these values into Eq. (8), we determine the sca la r  factor  in the fo rm 

;~= __i s j ~ j .  (9) 
0 

Consequently, ~ depends not only on the velocit ies of the deformations but also on the s t r e s ses ,  this being 
also a consequence of the plast ici ty theory due to Reuss  [10]. 

A s ta t ionary flow of an elas toviscoplast ic  medium will exist if the time of flow of the medium is large,  
t --" ~, or if the relaxation period of the medium is small ,  ~ / G - -  0. The equation of state (6) may be wri t ten 
in the fo rm 
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p~ = pe6-~- 2 ( O-b  ~l) ~ij. (10) 

F r o m  relat ion (9) and the Eqs. (10), we obtain the sca lar  factor  for a s ta t ionary flow: 
t 

sli 12 
)~ ~- - -  (no summation), (11) 

0 2e u 

f rom Eqs. (10) and (11) we find the equations for  the s ta t ionary flow of an elastoviscoplast ic  medium, 
namely, 

'1 -~ -  ~- ~ls~j eij (no summation). (12) 

For  pure shear  the equation for  the s ta t ionary flow of an elastoviscoplast ic  medium assumes  the fo rm 

z2  _ 0 ~ _~_ n~;.  (13)  

Thus the presence  of e last ic  proper t ies  in a viseoplast ie  medium makes its s ta t ionary flow rule non- 
I inear;  consequently, this medium does not follow the Heneky - I I ' yush in  postulate concerning l ineari ty of 
the flow rule. 

We compare  the s ta t ionary  flow rule (13) with experimental  data relat ing to the flow of a consistent  
lubricant  (oil). Figure  2a shows graphs for the flow of an aliphatie lubricant,  the studies being conducted 
with capi l lary and ro ta t ionv i scos ime te r s  [11], the s t r e s s  state real ized in the latter being close to homog- 
eneous. This graph was redrawn in Fig. 2b in the fo rm of the dependence r 2 = f(ra). As is evident, the 
theoret ical ly  based Eq. (13) agrees  with the experimental  data. 

A positive feature of the flow equation (13) is that it descr ibes  a nonlinear law for the flow of an 
e las toviscoplas t ic  mater ia l  using only two rheologieaI  constants,  each having a real  physical sense. 

Relations for  determining the rate  of volume deformation for  an elastoviscoplast ie  medium may be 
obtained f rom Eqs. (1) in the fo rm 

2 l + o  p~- - -  0% 
3 I - -  2o 

Differentiating with respec t  to the time, we obtain 

e~ 3 I--2~ I �9 (14) 
- -  P C "  2 l q - o  G 

F r o m  Eq. (14) we see that an e las toviscoplast ic  medium will be incompress ib le  in any one of the following 
three cases:  for G = 0% for cr = 0.5, and if Pc = 0. It is known that for viscous and for plastic flow ~ = 0.5, 
therefore  the continuity equation ev = 0 is satisfied for an elastoviscoplast ic  medium. In the region where 
~ I  2 < 0, an e las toviscoplast ic  medium is elast ic,  so that its deformations can be calculated in accord  with 
the equations of e las t ic i ty  theory. The size and shape of the elast ic region a re  then to be determined f rom 
the boundary condition 

Thus, depending on the s ize  of the deformations,  the entire region of the medium can be partitioned 
into a region of elast ic deformations in which ~fI~ < 0 / G ,  and a flow region wherein ~fI2" > 0 /G.  To s im-  
plify the calculations in the elast ic region we put cr = 0.5, i.e., we consider the elastoviscoplast ic  medium 
to be an e las t i c - incompress ib le  medium, and this will definitely be so if the deformations during flow of the 
medium significantly exceed the elast ic  deformations.  

We now obtain the equations for the s ta t ionary flow of an elas toviscoplast ic  medium. For  this pur -  
pose we use the equation of motion of a continuous medium, assuming the inert ia forces  to be zero: 

pF -k grad p~ ~- div sij = 0. 

If in this equation we substitute Pc = - P  and the sij f rom Eq. (12), we obtain the equation for the s tat ionary 
flow of an e las toviscoplas t ic  medium: 
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Fig.  3. A mode l  fo r  the f low 
of an e l a s t o v i s c o p l a s t i c  m e d i -  
um a long an incl ined s u r f a c e :  
1) s topped reg ion ;  2) f low r e -  
gion. 

o F - -  grad p @ fief div eli + eq div %f = O, 

, (  V </ w h e r e  7?el = - ~  ~l 1 + 1 + q212 ] . To this  equat ion  the re  is added 

the equat ion of continuity.  

We pause  he re  to cons ide r  the rheo log ica l  equat ion of s ta te  of 
a v i s c o p l a s t i c  med ium.  It is  r ead i ly  s een  that  if in Eq. (7) we s u b -  
s t i tu te  the e x p r e s s i o n s  fo r  the s t r e s s e s  f r o m  Eqs.  (4), we obtain  
= ( I~  fo r  a v i s c o p l a s t i c  med ium,  and the rheo log i ca l  equat ion  of s ta te  
t akes  the f o r m  

r 0 ) .  
s u :  2 I V Y 2  +~1 gij. (15) 

For pure shear it becomes the Schwedoff-Bingham equation 

~ = o + n L  

Consequent ly ,  fo r  a v i s eop l a s t i c  m e d i u m  G ~- ~. 

It should be r e m a r k e d  that  va r i ous  points  of v iew exis t  r e l a t i ve  to the ques t ion  of the behav io r  of a 
v i s c o p l a s t i c  m e d i u m  in the r eg ion  w h e r e  4-I~ < 0. Thus,  fo r  example ,  Vo la rov ich  [12] r e g a r d s  a v i s c o -  
p las t ic  m e d i u m  as  an  " e l a s t i c "  m e d i u m  in the r eg ion  w h e r e  ~fI~ < 0, and Gutkin [13] has even  ca lcu la ted  
i t s  d e f o r m a t i o n s  in this r eg ion  a c c o r d i n g  to the equa t ions  of e l a s t i c i t y  theory .  As  a m a t t e r  of fact ,  a v i s c o -  
p las t i c  m e d i u m  with ( I  2 < 0 is a r ig id  p las t ic  body fo r  which  G = ~. 

Equat ion  (15) with ~fI~ << 0/77 d e g e n e r a t e s  into the equat ion for  the f low of a p e r f e c t l y  p las t ic  body, 
name ly ,  

%i = 2 0 .  ei/__ . 

Consequent ly ,  a v i s c o p l a s t i c  med ium,  in a r eg ion  w h e r e  ~ I  2 = 0, f lows l ike a r i g i d - p l a s t i c  m e d i u m  s ince  in 
this  r e g i o n  the condi t ion ~I~ = 0 is  not  sa t i s f ied .  

F ina l ly ,  s ince  fo r  a v i s c o p l a s t i c  m e d i u m  G = % it  is then a d i r e c t  r e s u l t  of Eq. (14) that  ev = 0 fo r  
this  med ium,  i .e . ,  it is  an i n c o m p r e s s i b l e  medium�9  T h e r e f o r e  the equat ions  of a " c o m p r e s s i b l e "  v i s c o -  
p las t i c  m e d i u m  as  wr i t t en  by Ka s i m ov  and M i r z a d z h a n z a d e  [14] and A s t r a k h a n  and G r i g o r y a n  [15], by 
ana logy  with the equat ions  of a c o m p r e s s i b l e  v i s cous  liquid, need not  be r e g a r d e d  as  being equivalent .  

F low in a C i r c u l a r  Pipe.  We c o n s i d e r  a m e d i u m  p re sen t  in a c i r c u l a r  pipe. Due to a p r e s s u r e  d i f -  
f e r e n c e  in the m e d i u m  a tangent ia l  s t r e s s  r r z  = A p r / 2 /  develops .  Fo r  cr = 0.5 we obtain d i s p l a c e m e n t s  in 
the f o r m  u z = Uz(r). Hooke ' s  law m a y  then we wr i t t en  

Apt  du z 
�9 ~ = - -  = 6 ( 1 6 )  

2l dr 

If we in t eg ra t e ,  
wal l ,  we find 

taking into accoun t  as  bounda ry  condi t ions  the "no s l ip"  condi t ion UzOR) = 0 at  the pipe 

Ap 
u~ = - -  ( R  ~ -  r~). 

4Gl 

The rad ius  of  the e l a s t i c  r eg ion  m a y  be obtained f r o m  the boundary  condit ion:  fo r  r = r0, d u z / d r  = 0 /G;  
we find it to be r 0 = 2 0 l / A p .  In  the r eg ion  w h e r e  r > r 0 the m e d i u m  will  f low with the speed Vz = Vz(r)�9 
If  into Eq. (13), wr i t t en  in a c y l i nd r i c a l  s y s t e m  of coo rd ina t e s ,  we subs t i tu te  ~'rz f r o m  Eq. (16), we find, 
upon in tegra t ing  and us ing the "no s l ip"  condi t ion  vz(R) = 0, that  

Ap 202/ r 
v~= (R ~ - F )  + -  l n - - .  

4~il Apq R 

The e las t i c  r eg ion  m o v e s  with the speed  

hp  20~1 r o 
v o = -  (R 2 - r ~ ) + -  l n - -  

4ql Ap11 R 
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The v o l u m e t r i c  outf low of the m e d i u m  f r o m  the tube is g iven  by 

This  equat ion  m a y  be wr i t t e n  as  

R 

q _ ~r~vo _}_ 2n ~ rvzdr __ 7lAP R4 (1__~) 2 
8,11 

r 0  

(17) 

g~----- 0 ~ + ~l/~za/2D 2/2 
| W - -  ~ 

In  Fig. 2b we show the g r a p h  of the funct ional  dependence  T2w = fr fo r  the f low of an  a l iphat ic  
l ub r i can t  in a c a p i l l a r y  v i s e o s i m e t e r , d r a w n  in a c c o r d  with the expe r imen ta l  da ta  [11] given in Fig. 2a. As 
is  evident ,  the expe r imen ta l  data c o n f i r m s  the t h e o r e t i c a l  r e l a t ion  (17). 

F low along an  Incl ined Surface .  The flow of a v i s cop l a s t i c  m e d i u m  under  the inf luence of g r a v i t y  was  
studied in [16]. V o l a r o v i c h  and Gutkin, who solved an  ana logous  p rob l em in [17], a s s u m e d  that  in the 
"e las t i c  n r e g i o n  the p r e s s u r e  was  p ropaga ted  in a c c o r d  with a hyd ros t a t i c  law. F ina l ly ,  these  solut ions  
w e r e  de r ived  once  aga in  in [18]. In al l  these  so lu t ions  the th ickness  of the l a y e r  of the m e d i u m  conta in ing 
adhes ive  f o r c e s  on the incl ined s u r f a c e  was  equal  to 

hc r = 0 (18) 
ysinr 

It is  not  diff icul t  to see  that  f o r  ~ ~ 0 and h c r  -~ ~o this  con t r ad i c t s  the phys ic s  of the phenomenon s ince  an  
inf ini te ly  th ick  l a y e r  cannot  be main ta ined  by adhes ive  f o r c e s  on an  incl ined su r f ace  b e c a u s e  of the ac t ion  
of the v e r y  l a r g e  n o r m a l  s t r e s s e s .  

We c o n s i d e r  equ i l i b r ium and flow of a t w o - d i m e n s i o n a l  l a y e r  of an  e l a s t o v i s c o p l a s t i c  m e d i u m  along an 
incl ined s u r f a c e  under  the ac t ion  of  the f o r c e  of g r av i t y  (Fig. 3). The equat ions  of equ i l ib r ium in a r e c t -  
angu la r  s y s t e m  of c o o r d i n a t e s  m a y  be w r i t t e n  as  fol lows:  

P~  = P~  (Y), P~ = Puu (Y), T~u = ~u (Y)' 

d%:y dpyy 
d---y +ysinc~ = 0, d--y- - -  ycosa  = 0 .  

In tegra t ing  these  equat ions ,  
i .e . ,  a s s u m i n g  that  ~'xy(h) = 0, pyy(h) = - P 0 ,  we find 

�9 ~y = ~, sin cr (h - -  y), 

Puy = - -  P0 - -  ~ cos ~ (h - -  y). 

c ons i de r i ng  an  e x c e s s  p r e s s u r e  P0 to be ac t ing  on the f r e e  s u r f a c e  of the l aye r ,  

(19) 

(20) 

Since the l a y e r  of the m e d i u m  is infini te ,  Ux = ux{y), Uy = Uy(y), Uz = 0, and Hooke ' s  law m a y  be 
wr i t t en  

(~ (21) 
Px~ = Pzz 1 - -  ~ Puu' 

du u 1 - -  2(~ (22) 
dy -- 2 ( l + ~ ) G  Puy' 

du~ 1 (23) 
dy -- -0- Txu" 

Subst i tut ing Eq. (19) into Eq. (21) and Eq. (20) into Eq. (22) and in tegra t ing ,  and then de t e rmin ing  the c o n -  
s t an t s  of i n t eg ra t ion  f r o m  the "no slip ~ bounda ry  condi t ion Ux(0) = 0, Uy(0) = 0 at  the su r f ace ,  we find 

, s i n ~  ( y )  
u~-- G g h - - - - ~  , 

uu 2(12~--1--o)G Y[P~176 ( h - ~ ) ]  " 
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W e  d e t e r m i n e  the  c r i t i c a l  t h i c k n e s s  h c r  of the  l a y e r ,  wh ich  i s  m a i n t a i n e d  by  the  a d h e s i v e  f o r c e s  on the  
i n c l i n e d  s u r f a c e ,  f r o m  the M i s e s  p l a s t i c i t y  cond i t i on  (7), which  a f t e r  s u b s t i t u t i o n  of Pxx and Pzz f r o m  
Eq. (21) a s s u m e s  the  f o r m  

1 ( 1 - - 2 a ]  2 2 ~_T2 = O ' h  

Subs t i t u t i ng  r x y  f r o m  Eq.  (19) and pyy f r o m  Eq. (20), and t ak ing  into c o n s i d e r a t i o n  tha t  ~fI 2 = 0 fo r  y = h 

- h e r  , w e  f ind 

= ap~176 I V  (O~--aP2~176 I , (24) 
hcr 7 (a cos 2 ~ -}- sin ~ cr I + aep~,cos e cr 

1 ( l - - 2 a )  2 
= - -  . F o r  the  c r i t i c a l  p r e s s u r e  P0 = Pe r ,  h c r  = 0, we have  w h e r e  a 3 1 - -  a 

P c r = V - 3 -  1 - - _ ~  0. 
1 - -  2a 

C o n s e q u e n t l y ,  fo r  P0 -- p e r ,  the  whole  l a y e r  w i l l  be  enve loped  by  the f low. If the  e x c e s s  p r e s s u r e  P0 = 0, 
then  

0 
hcr = y V a c o s 2 a  q- sin2a - -  

' = ~r/2, = h ~ and we ob t a in  F o r  a h o r i z o n t a l  s u r f a c e ,  a = 0, h c r =  h c r ,  fo r  a v e r t i c a l  s u r f a c e ,  a h c r  c r ,  

1-a  Z h;r- 0 
1 - -  2 a  7 7 

! tt F o r  a l u b r i c a n t  a t  t =20~  a = 0 . 2 8  [19], 0 = 6 0 0  N / m  2 [51, h e r  = 1 8 . 3 c m ,  h c r  = 0 . 5  era.  If t h e r e  i s  
a l a y e r  of the  m e d i u m  on the  i n c l i n e d  s u r f a c e  wi th  t h i c k n e s s  g r e a t e r  than  h c r ,  then  in the  r e g i o n  0 < y < h 
- h c r  the  m e d i u m  wi l l  f low l i ke  a l iquid .  The  c o m p o n e n t s  of the  f low v e l o c i t y  w i l l  be  v x = vx(Y) , Vy = Vz 
= 0 .  

Since  the  l a y e r  i s  i n f in i t e ,  t hen  upon s u b s t i t u t i n g  ~xy f r o m  Eq. (19) in to  Eq. (13) and i n t e g r a t i n g  the 
r e s u l t i n g  equa t ion ,  u s i n g  a s  b o u n d a r y  c o n d i t i o n  the  ~no s l i p  H cond i t i on  of the  m e d i u m  on the  i nc l i ned  s u r -  
f a c e ,  i . e . ,  Vx(0) = 0, we f ind the  v e l o c i t y  in  the  f o r m  

7s in~  ( y )  0 e h -- y 
v~ y h -  + -  In - -  

~l WI sin ~ h 

The  v e l o c i t y  of the  e l a s t i c  l a y e r  on the s u r f a c e  c a n  be  ob ta ined  f r o m  the  b o u n d a r y  cond i t i on  vx(h - he r )  

= V0: 

7 sin a 0 ~ hcr 
v 0 (h e - h ~ r ) + -  In ..,: 

2q 7q sin a h 

The  v o l u m e t r i c  r a t e  of f low of the  m e d i u m  p e r  uni t  l a y e r  wid th  i s  equa l  to 

h--her 

q= vohcr + " j G:dY= ysina(M--hacr) 0 ~ (h~hc r ) "  
3~1 7~1 sin ~. 

0 

In the  e x p r e s s i o n  h e r  i s  d e t e r m i n e d  f r o m  Eq. (24). F o r  P0 -> Pc r ,  
i s  

7 sin ah a 02h q =  
3~ 7~q sin a 

Some  c a s e s  w e r e  t r e a t e d  in  [20-21] c o n c e r n e d  wi th  the  f low of  an  e l a s t o v i s c o p l a s t i c  m e d i u m  and b o u n d a r y  
l a y e r  t h e o r y .  

the  v o l u m e t r i c  outf low r a t e  of the m e d i u m  

D = 4 q / ~ R  3 

e i j  

N O T A T I O N  

i s  the  m e a n  v e l o c i t y  g r a d i e n t ,  s ec -1 ;  
i s  the  d e v i a t o r  of d e f o r m a t i o n  r a t e s ;  poin t  s t a n d s  fo r  p a r t i a l  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to 
t i m e ;  
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=  ii/3; ?v # 

e v = ell/3; 
F 
G 
h 
12 = sijsij / 2 

I~ = 2 eij eij  
l 

Pij 
Ap 

q 
R 
si j  

ui 
vi 
x, y, z, r 

T, P 
6 
eij 

0 
O" 
T 

T w 

is  the m a s s  fo rce ;  
is  the shea r  modulus;  
is  the height of e l a s tov i scop las t i c  l ayer ;  
is the second invar iant  of s t r e s s  devia tor ;  

is  the second invar ian t  of de fo rmat ion  r a t e  devia tor ;  
is the conduit length; 
is  the s t r e s s  t ensor ;  
is the p r e s s u r e  drop; 
is the flow ra te ;  
is  the tube radius ;  
~s the s t r e s s  devia tor ;  
is  the shea r ;  
is  the veloci ty;  
a r e  the coordina tes ;  
is the angle of plane inclination to horizon; 
a r e  the specif ic  weight and densi ty of medium;  
is the Kronecker  delta;  
IS 
IS 
IS 
IS 

IS 

IS 

IS 

the de format ion  tensor ;  
the tensor  of de format ion  r a t e s ;  
the p las t ic  v i scos i ty ;  
the l imi t  shear  s t r e s s ;  
the Po i sson  coefficient;  
the shea r  s t r e s s ;  
the shear  s t r e s s  at  wall ,  d y n / c m  2. 
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